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We present a logical type of proof of contextuality for a two-qubit state. We formulate a paradox
that cannot be verified by a two-qubit system with local measurements while it is possible by using
entanglement measurements. With our scheme we achieve pHardy ≈ 0.167, which is the highest
probability obtained for a system of similar dimension. Our approach uses graph theory and the
global exclusivity principle to give an interpretation of logical type of proofs of quantum correlations.
We review the Hardy paradox and find connection to the KCBS inequality. We apply the same
method to build a paradox based the CHSH inequality.
Contextuality refers to the property of measurements
statistics to have their outcomes depending on the set of
measurements that are simultaneously performed. Orig-
inally discovered by Bell, Kochen and Specker [1, 2], it
uses the notion of compatibility, which refers to the prop-
erty of several measurements to be performed simultane-
ously. Recent efforts have been made on understanding
contextuality using a graph theory approach [3–6]. Con-
textuality has shown an advantage in quantum comput-
ing [7–10], in quantum cryptography [11, 12], quantum
communication [13, 14] and state discrimination [15].
Contextuality generalizes non-locality [4] and the abil-
ity to experimentally observe these two fundamental
properties of quantum physics is an important point
when it comes to their uses in information technology
tasks. It is then one of the most fundamental challenge to
develop tools to characterize and classify measurements
statistics belonging to different theories. A common tech-
nic to witness non-locality and contextuality is through
inequalities of measurements statistics. Another possi-
bility is by using logical arguments [16–20], where a set
of conditions if satisfied assert the non-local or contex-
tual nature of the system considered. While it is clear
that a verification of non-locality or contextuality with a
logical proof implies the violation of an inequality [21],
the inverse is not straightforward to answer.
When such properties are observed on spatially sepa-
rated systems, entanglement is a needed resource. En-
tangled states and local measurements are a sufficient
resource to observe non-locality. Moreover, a quan-
tum measurement can also have entanglement properties
when its eigenstates are entangled. This is a crucial key
in the architectures of quantum network using quantum
repeaters [22], where independent sources send entangled
photons to distant parties. When entanglement measure-
ments are performed on pair of photons from different
sources it can create entanglement between initially un-
correlated parties. In particular Bell state measurements
can create maximally entangled states and can also be
self-tested device-independently [23, 24].
Recent advances on the classification of correlations
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has been made with a graph theoretical approach [4–6].
A proof of quantum correlations can directly be made
by using an inequality which is derived by the graphs
properties. logical proofs of quantum correlations within
the graph theory approach has been studied [25, 26], but
not yet widely known.
Contextuality relies on the global exclusivity princi-
ple [27]: the sum of probabilities of pairwise exclusive
events cannot exceed 1. The exclusivity principle is a
fundamental principle under which quantum mechanics
stands. In particular, it provides the bounds under which
quantum correlations exist [27–30]. More recently, it has
been proved that monogamy arises as a consequence of
the exclusivity principle [31].
By using the global exclusivity principle, we develop a
method to build a graph construction for logical proofs
of non-locality and contextuality. After revisiting the
Hardy paradox [18] to exhibit the graphic properties of
logical proofs, we show how our technique can apply to
generate a paradox from the CHSH inequality [32] in a
similar way that has been done for the KCBS inequality
[25, 33]. We show that this paradox cannot be verified
by a two-qubit system with local measurements while it
is possible with entanglement measurements. We finally
provide a contextuality inequality which is violated when
the paradox is verified.
This letter is structured as follows. We review the
approach in [6] to introduce how a graph can be used
to represent measurement outcomes obtained in an ex-
periment. Then, we revisit the Hardy paradox [18] for
two-qubit and give an interpretation of this paradox in
the graph theory approach by using the exclusivity prin-
ciple. We apply our method to the CHSH inequality [32]
in order to build a paradox. Finally, we compare three
different resources to demonstrate this paradox: classi-
cal theory, two-qubit state with local measurements and
with entanglement measurements.
Exclusivity Graph.—In a given experiment, we can rep-
resent on a graph each possible event e corresponding
to the tuples of outcomes of a given set of compatible
measurements. For instance if two dichotomic measure-
ments (“0” and “1” outcomes) denoted by x and y are
compatible we have the following list of possible events:
(0, 0|x, y), (0, 1|x, y), (1, 0|x, y), (1, 1|x, y). In the bipar-
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2tite scenario, we define a graph G(V,E) in which we as-
sociate to each vertex an event e denoted by (a, b|x, y),
where a and b are the measurement outcomes for tests x
and y in an experiment. Pairs of exclusive events are
represented by adjacent vertices. Two events are ex-
clusive if they involve at least one same measurement
with non consistent outcomes. For instance, we consider
the two following events: (0, 0|x, y) and (1, 0|x, y′), with
y 6= y′, in this example the outcomes of the measurement
x are different in the two events, obviously, this cannot
occur simultaneously. Hence, this two events are called
exclusive. G is defined as the exclusivity graph of the ex-
periment [6] . In quantum theory, exclusive events are
represented by orthogonal projective measurements (see
Lemma 4). Contextuality inequalities can be build from
the graph properties as explained in Appendix A.
Hardy Paradox.—The Hardy Paradox [18] is a set of
four probabilistic conditions in the bipartite scenario,
where Alice and Bob have two dichotomic measurements
(denoted by 0 and 1).
P (00|00) > 0, (1)
P (00|01) = 0, (2)
P (00|10) = 0, (3)
P (11|11) = 0, (4)
where an event (a, b|x, y) means that Alice uses her mea-
surement x ∈ {0, 1} and gets the outcome a ∈ {0, 1}
and Bod uses his measurement y ∈ {0, 1} and gets the
outcome b ∈ {0, 1}. We refer to this scenario as 2-2-2
scenario (two parties, two measurements with two out-
comes). It can be shown that the conditions in eqs. (1)
to (4) are not consistent with any Local Hidden Variable
theory (LHV), however it is possible to find a quantum
system and a set of measurements satisfying the above
conditions [18].
We aim to revisit the Hardy paradox with a graph
theory approach, to do so, we consider the exclusivity
graph of the experiment. This scenario (bipartite with
two dichotomic measurements) is well known and the ex-
clusivity graph of the experiment is already given in [6].
From the exclusivity principle, we can write:
P (00|01) + P (10|01) + P (01|11) + P (11|11) = 1, (5)
P (01|10) + P (00|10) + P (11|11) + P (10|11) = 1. (6)
In quantum theory, the two above equations can be veri-
fied by using the completeness properties of the different
measurements after using the Born rule. More generally,
to illustrate this saturation of the exclusivity principle,
we represent in Tab. III (See Appendix B 1) an exhaus-
tive list of all possible events for this scenario. We can
see that all the four events in each equations in eqs. (5)
and (6) cover all the 16 events of the CHSH scenario.
Hence, their probabilities sum to one.
Because of the conditions in eqs. (2) to (4) eqs. (5)
and (6) can be simplified to:
P (10|01) + P (01|11) = 1, (7)
P (01|10) + P (10|11) = 1. (8)
In a deterministic model, i.e., a model where each event
ei has a probability P (ei) equals to 0 or 1, the eqs. (7)
and (8) imposes that P (10|01) = 1 or P (01|11) = 1 and
P (01|10) = 1 or P (10|11) = 1. Under such model we
have P (00|00) = 0 and contradicts with eq. (1) while this
quantity could be non-zero by using a quantum resource
[18].
FIG. 1. Exclusivity graph of the experiment for the 2-2-2
scenario [6]. All events except the one appearing in eqs. (7)
and (8) and the event (00|00) are in grey color. We can see
that the subgraph formed by the remaining vertices is a pen-
tagon. The two rectangles (orange and purple) represent the
set of events appearing in the eqs. (5) and (6). The ’X’ (red)
represents the events with probability null imposed in the for-
mulation of the paradox in eqs. (2) to (4).
In Fig. 1 are represented all of the 16 events of
the 2-2-2 scenario. As in [6], for simplicity pairwise
exclusive events are represented on straight lines or
circles. Hence, events on a same line or circle fol-
low the exclusivity principle, the sum of their proba-
bility is upper-bounded by 1. We have kept all the
16 events, however, all of the unwanted ones are in
light grey color. The subgraph formed by the five
events {(10|01), (01|11), (01|10), (10|11), (00|00)} form a
pentagon on the exclusivity graph of the experiment.
A deterministic model can be seen as a coloring prob-
lem where assigning a probability equal to 1 to two exclu-
sive events is not possible, while other combinations are
possible. A probability equal to 1 means that an event
always occurs and two exclusive events cannot happen
simultaneously. It is not possible to assign a probability
1 to the event (00|00) while having an assignment satis-
fying the condition in eqs. (7) and (8). The five events
form a pentagon which is the simplest non-perfect graph
[34], which is known to be a resource for building contex-
tuality inequalities [6].
3We recover the logical proof of contextuality developed
in [25] which is based on the the KCBS inequality sce-
nario [33], SKCBS =
∑5
i=1 P (ei) ≤ 2. In this case the
maximum violation of the KCSB inequality under the
paradox conditions is given by 2+1/9 ≈ 2.11 [25]. When
we use a separated system of two qubits (Hardy’s para-
dox), this quantity is about 2.09. This gap has also been
observed for the violation of the KCBS without consid-
ering any paradox. In this case, the maximum violation
of the KCBS inequality is 2.236 for a qutrit system [33]
whereas for a bipartite system it goes up to 2.207 [35].
Graphical construction of the CHSH Paradox.—The
CHSH inequality can be written with the probabili-
ties of the events from its exclusivity graph GCHSH =
(VCHSH,ECHSH) as follows [6],
SCHSH =
∑
i∈VCHSH
P (ei) ≤ 3. (9)
We now show how to build a paradox in a similar way
as previously done for the Hardy paradox.
FIG. 2. Exclusivity graph of the CHSH inequality in the form
given in [6]. The two pentagons are shown with two different
colors.
In Fig.2, is shown the exclusivity graph of the CHSH
inequality. One can notice that by using two overlapping
pentagons we can cover all the set of events in GCHSH.
Individually, each pentagon forms a Hardy paradox and
by assembling them one can ask whether a paradox which
uses the events in the CHSH inequality can be formed. In
order to do that we first need to formulate such paradox
by using the saturation of the exclusivity principle. Be-
cause the two pentagons are overlapping they share one
exclusivity principle equation.
To illustrate the saturation of the exclusivity principle,
we represent in Tab. IV (See Appendix B 2) an exhaustive
list of events for this scenario. The saturation of the
exclusivity principle from the chosen pentagons in Fig. 2
goes as follow:
P (10|00) + P (01|01) = 1, (10)
P (10|01) + P (11|11) = 1, (11)
P (01|10) + P (00|11) = 1. (12)
The formulation of such assemblage of paradoxes is the
FIG. 3. Exclusivity graph of the CHSH inequality in the
form given in [6]. All events except the one appearing in
the inequality eq. (9) are in grey color. The three rectangles
(red, blue and green) represent the sets of events appearing
in the eqs. (10) to (12). The ’X’ (red) represents the events
with probability null to have the saturation of the exclusivity
principle.
following. We call the CHSH paradox the following sets
of conditions in the 2-2-2 scenario:
P (01|00) + P (01|10) > 0, (13)
P (11|00) = 0, (14)
P (00|01) = 0, (15)
P (11|10) = 0, (16)
P (01|11) = 0. (17)
Interestingly, if the CHSH paradox is verified then the
CHSH inequality in the form in eq. (9) must be vi-
olated as well. Indeed if a physical system verifies
the equations in eqs. (10) to (12) then SCHSH = 3 +
P (01|00) + P (01|10) which must be greater than 3 be-
cause P (01|00) + P (01|10) > 0.
We are now interested to know whether the conditions
in eqs. (13) to (17) form a paradox that witnesses non-
locality and contextuality. To do so, we can now verify
which system has the possibility to verify all the condi-
tions in eqs. (13) to (17).
CHSH Paradox with classical resources.—The CHSH
paradox is the assemblage of two different Hardy para-
doxes, i.e., two paradoxes built on pentagons. We already
know that each of these paradoxes cannot be verified in-
dividually by a system obeying any classical theory and
by extension the accumulation of the two neither.
Theorem 1. A Non-Contextual Hidden Variable theory
(NCHV) cannot verify the CHSH Paradox.
4In other words, it is impossible to have a probability
equal to one by deterministic theory to the vertices as-
sociated to the events (01|00) and (01|10) in a consistent
way with the conditions imposed with eqs. (10) to (12).
See Append. C for a detailed proof.
CHSH Paradox with a two-qubit state and local
measurements.—We know that each paradox (one for
each pentagon in Fig.2) can be individually addressed
by a two-qubit state with local measurements. However,
as stated in the following theorem it is no longer the case
for the combination of the two pentagons as formed in
the CHSH paradox in eqs. (13) to (17) .
Theorem 2. Given two parties, Alice and Bob, sharing
a two-qubit entangled state |ψ〉AB. There is no possible
set of local measurements A0 and A1 (resp. B0 and B1)
for Alice’s dichotomic measurements on her qubit (resp.
Bob) that verifies the CHSH paradox.
A detailed proof is given in Append. D. This impos-
sibility to verify the CHSH paradox comes from the ne-
cessity to address both pentagon simultaneously. For in-
stance the conditions P (11|00) = 0 and P (00|01) = 0 if
verified simultaneously would not permit the use of an
entangled state or impose compatibility of the measure-
ments of one of the party. Entanglement and incompat-
ibility of the measurements a necessary to observe non-
locality.
CHSH Paradox with a two-qubit and entanglement
measurements.—While an entangled state can take any
form in the Hilbert space, in a separated system the op-
erations are restricted to local operations only. In quan-
tum mechanics, the spatial separation implies that Al-
ice’s measurements (denoted by observables A0 and A1)
and Bob’s quantum measurements (denoted by observ-
ables B0 and B1) act in different subspaces and hence
always commute to each other: [Ai ⊗ I, I ⊗ Bj ] = 0,
∀(i, j) ∈ {1, 2}. For dichotomic measurements (±1 out-
come value), the observable can be defined by two rank-
1 projectors, for instance, Ai = ΠAi,+ − ΠAi,−, with
ΠAi,+ + ΠAi,− = I. The observable acting on the whole
quantum system is given by the tensor product of the ob-
servable of Alice and Bob. As a consequence, the eigen-
vectors of the observable are also given by the tensor
product of two vectors from each subspace.
With entanglement measurements, instead of effec-
tively acting on the local systems separately, observ-
ables are now acting on the whole space freely. How-
ever, the same commutation relations need to be verified:
[Ai, Bj ] = 0. Forming the set of four observables follow-
ing the graph conditions and the proper commutations
relations with entanglement measurement is actually not
a trivial problem. However, we can define another sce-
nario with the same graph of experiment by following the
graph formalism in [5] where each projector associated
to a vertex defines an observable as Ai with ±1 outcome
value associated to the vertex with i (see Fig. 5 in Ap-
pend. E 4). We can construct a contextuality inequality.
Theorem 3. Given the exclusivity graph of the CHSH,
GCHSH(VCHSH, ECHSH) where a set of dichotomic mea-
surements {Ai} with ±1 outcomes values assigned to the
vertices {i} such that ∀(i, j) ∈ ECHSH Ai and Aj are
compatible. Then all Non-Contextual Hidden Variable
(NCHV) theory are bounded by the following inequality∑
(i,j)∈ECHSH
〈AiAj〉 ≥
NCHV
−6, (18)
In the Append. E 4 we provide the proof where we show
that this inequality has the same classical and quantum
bound compared to the CHSH.
In this case, the eqs. (10) to (12) means that the state
|ψ〉 has to be generated by the pairs of vectors (|v2〉,
|v3〉), (|v4〉, |v5〉) and (|v6〉, |v7〉) at the same time. In
eqs. (19) to (27) we present an example of a set of state
and measurements that verify the orthogonality relations
from the graphs and the conditions from eqs. (13) to (17).
|ψ〉 = (1, 1, 0, 0)T /
√
2, (19)
|v1〉 = (0,−1,−2, 1)T /
√
6, (20)
|v2〉 = (1, 0, 0, 0)T , (21)
|v3〉 = (0, 1, 0, 0)T , (22)
|v4〉 = (0, 2, 1, 1)T /
√
6, (23)
|v5〉 = (3, 1,−1,−1)T /2
√
3, (24)
|v6〉 = (2, 0, 1,−1)T /
√
6, (25)
|v7〉 = (1, 3,−1, 1)T /2
√
3, (26)
|v8〉 = (1, 0, 2, 1)T /
√
6, (27)
where T is the transpose operator. This leads to
P (01|00) + P (01|10) = 1/6. Moreover, we have
|ψ〉 = (|v2〉+ |v3〉)/
√
2, (28)
|ψ〉 = (|v4〉+
√
2|v5〉)/
√
3, (29)
|ψ〉 = (|v6〉+
√
2|v7〉)/
√
3, (30)
which corresponds to the verification of the eqs. (10)
to (12). We conclude that a two-qubit state with entan-
glement measurements can exhibit quantum correlations
with the CHSH paradox. The inequality in eq. (E15) is
then violated. The observables can be obtained from the
projectors (see App. E 4).
We use pHardy to refer to P (01|00) + P (01|10) for the
2-2-2 scenario and P (1|1) +P (1|8) in the contextual sce-
nario. We have summarized the different values of pHardy
from the different theories in Tab.I. Interestingly, a two-
qubit system with local measurements does not perform
better than classical theory, while a two-qubit system
with entanglement measurements can verify the paradox.
Using the same graph of experiment with different events
assigned from with different scenario has already been
investigated for the pentagon. For the KCBS inequal-
ity, there is also a hierarchy [33, 35] between a two-qubit
5Classical Th. Local M. Entangled M.
pHardy 0 0 1/6
TABLE I. Summary of the hierarchy of the verification of the
paradox for different resources. "Classical Th." is a classical
resource, "Local M." is a two-qubits state with local measure-
ments and "Entangled M." with entanglement measurements.
state with local measurements and a single qutrit sys-
tem, i.e., a qutrit can get a violation higher than what is
possible to get for a two-qubit state. However, the differ-
ences here is that a two-qubit state does not outperform
classical theories. Because paradox proofs are difficult to
verify experimentally, an interesting open problem is to
find an inequality with similar features.
pHardy dim #M
CHSH Paradox (our) 1/6 ≈ 0.167 4 8
Cabello et al. [25] 1/9 ≈ 0.11 3 5
Hardy Paradox [18] 5
√
5−11
2
≈ 0.09 4 4
TABLE II. Comparison of the different paradox proof of quan-
tum correlations with the CHSH paradox and for other system
of similar dimension ("dim" is the dimension of the required
Hilbert space and #M is the number of measurements) from
the literature.
In the Tab. II we compare different maximum values of
pHardy paradox for system of similar dimension. Our for-
mulation of a paradox obtain the highest value of pHardy
among the different the previous logical proofs using sys-
tem of similar dimension. However, compared to the
other approaches, the fundamental difference here is that
our pHardy is the sum of two probabilities.
Conclusions.—We have described a method based on
the saturation of the exclusivity principle to build a graph
for a logical proof of quantum correlations. Our method
suggests a deep connection between the exclusivity prin-
ciple and the logical proofs of quantum correlations.
With this method we have reviewed the Hardy paradox
and have showed direct connection with the KCBS sce-
nario by showing that the graph representation of the
Hardy paradox is a pentagon. We demonstrate the com-
position of two paradoxes and archive the highest pHardy
for system of similar dimension. The verification of the
paradox implies the violation if the CHSH inequality in
the probability form, but the inverse is not true. Inter-
estingly, we found that this paradox cannot be verified
by a two-qubit state with local measurements while it is
possible with entanglement measurements. Finally, we
also provided a contextuality inequality which is violated
when the paradox is verified. There exist a multipartite
extension of the Hardy paradox in [20], it would be in-
teresting to know whether the superposition of paradoxes
occur also in the multipartite settings.
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7Appendix A: Graph-Theoretic Approach to
Quantum Correlations
1. Graph Formalism
We propose to review the graph formalism for the de-
scription of quantum correlations developed in [6]. In
a scenario, we can list each possible event e for a given
set of compatible measurements. For instance if two di-
chotomic measurements denoted by x and y are com-
patible we have the following list of possible events:
(0, 0|x, y), (0, 1|x, y), (1, 0|x, y), (1, 1|x, y). From that, we
can define a graph G(V,E) for which we associate to each
vertex an event e denoted by (a, b|x, y), where a and b
are the measurement outcomes for tests x and y. Pairs
of exclusive events are represented by adjacent vertices.
Two events are exclusive if they involved at least one
measurement with two non consistent outcomes. For in-
stance, if we consider the two following events: {0, 0|x, y}
and {1, 0|x, z}, the outcomes of the measurement x are
different in the two events, obviously, this cannot occur
simultaneously. Hence, this two events are called exclu-
sive. We will refer to G as the exclusivity graph of the
experiment [6].
We are also interested in the measurement outcomes
statistics. In particular, contextuality and non-locality
inequalities are based on linear combination of probabil-
ities of a subset of events of the corresponding experi-
ments. A specific combination, S will be of the form:
S =
∑
i wiP (ei), where wi > 0 and P (ei) is the prob-
ability of the event ei to happen. We define a graph
G(V,E,w) ⊆ G, where each vertex i ∈ V represents an
event ei of S. We call G the exclusivity graph of S [6].
2. Contextuality Inequality
The exclusivity graphs can be used to calculate limits
of the correlations in classical and quantum theories. It
has been showed that [6]:
S ≤ αw(G) ≤ ϑw(G), (A1)
where α(G) is the independent number of the graph G
and ϑ(G) is the Lovasz number of the graph G. The
equality of αw(G) and ϑw(G) holds ifG is a perfect graph,
i.e., the graph G has neither odd-holes of length at least
five nor odd anti-holes [34].
a. Classical Theory
The maximum value of S with a non-contextual classi-
cal resource is always upper-bounded by a non-contextual
deterministic behavior, i.e. a probability distribution of
the outcomes where each event ei in S has a probabil-
ity P (ei) equals to 0 or 1. Exclusive events cannot have
probability 1 simultaneously. Hence, the maximum value
for S is given by the maximum number of events with a
probability equal to 1. This correspond to the maximum
number or 1 we can assign to non-adjacent vertices in G,
which correspond to the independence number α(G) of
the graph.
b. Quantum Theory
In a quantum theory, the set of measurements that
leads to the events {ei}i∈V can be represented by a
set of projectors {Πi}i∈V . The maximum value of S
in this case is max
∑
i∈V Tr[Πiρ], where ρ is a quan-
tum state and simplified to max
∑
i∈V |〈vi|ψ〉|2, where
|vi〉 = Πi|ψ〉/
√〈ψ|Πi|ψ〉 and |ψ〉 is a pure quantum state.
This quantity is known to be equal to the Lovasz num-
ber ϑ(G), of the graph G(V,E,w) where the set of vectors
{|vi〉}i∈V is the orthonormal representation (OR) of the
complement G¯ and the quantum state |ψ〉 is the handle
[36].
Appendix B: Saturation of the Exclusivity Principle
in the 2-2-2 Scenario
Let be E = {ei}, a set of mutually exclusive events.
The exclusivity principle goes as follows:∑
i
P (ei) ≤ 1, (B1)
the sum of the probability of mutually exclusive events is
bounded by 1. In particular, the normalization condition
is the saturation of this principle when all events arise
from the same measurement choice.
In the 2-2-2 scenario (2 parties, 2 measurements each
with 2 outcomes), four mutually exclusive events saturate
the exclusivity principle.∑
a,b∈{0,1}
P (a, b|x, y) = 1,∀x, y ∈ {0, 1}. (B2)
In quantum mechanics, events are associated with pro-
jectors and related with the Born rule: P (e) = Tr(ρΠe),
where ρ is a quantum state.
Lemma 4. Given two events e1 and e2 and their asso-
ciated projectors Π1 and Π2. If the events are exclusive,
then the two associated projectors are orthogonal.
This property can be rephrased and referred as a fea-
ture called Local Orthogonality (LO) in the literature
where exclusive events are referred as orthogonal events
[37].
Theorem 5. Given a set of mutually exclusive events
E = {ei}. If their associated projectors verify the com-
pleteness relation, then the sum of the probabilities of the
events in E saturates the exclusivity principle.
8Proof. Let a set of mutually exclusive E = {ei} and their
associated projectors {Πei} such that
∑
ei∈E Πei = I.
Then for any quantum state ρ:∑
i
P (ei) = Tr(ρ
∑
ei∈E
Πei) = Tr(ρ) = 1. (B3)
While for our purpose we only need to consider the 2-
2-2 scenario, the above statements hold in any scenario.
Beyond quantum mechanics, this can also be under-
stood with a combinatorial approach. For the 2-2-2 sce-
nario, we have 16 possible events and the events we con-
sider are only of the form e = (a, b|x, y), i.e., it tells only
about two measurement outcomes on the four possible
measurements. Considering the possible other outcomes
(even if we don’t have access to all outcomes simulta-
neously because of incompatible measurements) a given
event can address 4 possible cases out of the 16 total
events. Two exclusive events do not overlap (if they do,
they are not exclusive by definition). Hence, 4 mutually
exclusive events cover all the 16 cases and the sum of
their probabilities saturate the exclusivity principle. We
use these properties to visualize the different saturation
of the exclusivity principle we use to build paradoxes.
1. Saturation of the Exclusivity Principle in the
Hardy Paradox
The table is organized into four blocks. The first block
has the list of all events, the second block and third blocks
have the probabilities for the two exclusivity relations in
??. The last block corresponds to the probability which
is equal to zero under classical theory. The "N" (no)
denotes an event that is forbidden (imposed by the con-
ditions of the paradox), the "Y" (yes) denotes that an
event is still available and correspond to one of the event
in a given exclusivity principle equation. One can see
that for both second and third block, all the events are
covered, hence the exclusivity principle is saturated.
2. Saturation of the Exclusivity Principle in the
CHSH Paradox
The table is organized into four blocks. The first block
has the list of all events, the second, the third and the
fourth blocks have the probabilities for the three exclu-
sivity relations in Fig. 3. The last block corresponds to
the probabilities which is equal to zero under classical
theory. The "N" (no) denotes an event that is forbidden
(imposed by the conditions of the paradox), the "Y" de-
notes that an event is still available and correspond to
one of the event in a given exclusivity principle equation.
One can see that for both second and third block, all
the events are covered, hence the exclusivity principle is
saturated.
A0 0 1
A1 0 1 0 1
B0 0 1 0 1 0 1 0 1
B1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1
P (0, 0|A0, B1) N N N N
P (1, 1|A1, B1) N N N N
P (1, 0|A0, B1) Y Y Y Y
P (0, 1|A1, B1) Y Y Y Y
P (0, 0|A1, B0) N N
P (1, 1|A1, B1) N N N N
P (0, 1|A1, B0) Y Y
P (1, 0|A1, B1) Y Y Y Y
P (0, 0|A0, B0) ? ?
TABLE III. Table representing the list of all combinations of
events and the saturation of the exclusivity principle for the
Hardy paradox.
A0 0 1
A1 0 1 0 1
B0 0 1 0 1 0 1 0 1
B1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1
P (1, 1|A0, B0) N N
P (0, 0|A0, B1) N N N N
P (1, 0|A0, B0) Y Y
P (0, 1|A0, B1) Y Y Y Y
P (0, 0|A0, B1) N N N N
P (0, 1|A1, B1) N N N N
P (1, 0|A0, B1) Y Y Y Y
P (1, 1|A1, B1) Y Y Y Y
P (1, 1|A1, B0) N N
P (0, 1|A1, B1) N N N N
P (0, 0|A1, B1) Y Y Y Y
P (1, 0|A1, B0) Y Y
P (0, 1|A0, B0) ? ?
P (0, 1|A1, B0) ? ?
TABLE IV. Table representing the list of all combinations of
events and the saturation of the exclusivity principle for the
CHSH paradox.
Appendix C: CHSH Paradox with Classical
Resources
A deterministic theory is a classical theory where the
probability of an event is either 0 or 1. A convex com-
bination of from all deterministic probabilities can gen-
erate any classical behavior. Moreover in a geometri-
cal approach classical theory forms a convex polytope
where deterministic probability distribution are the ver-
tices, making these probability distribution sufficient to
consider when we wish to test whether if a given prob-
ability distribution is inside or outside this convex poly-
tope [21]. In the graph framework, this corresponds to
assign probabilities equal to zero or one to the vertices.
However, because connected vertices represent exclusive
events their assigned probabilities cannot be 1 to both.
The only possible combinations are 0−0, 1−0 and 0−1
9for a pair of connected vertices.
Theorem 6. A non-contextual classical theory cannot
verify the CHSH Paradox.
Proof. From the previous work in [25, 26] and our inves-
tigation in this letter we know that the pentagon cannot
be verified by any classical theory.
Any probability distribution of measurement outcomes
defined by any classical theory can be written by as a con-
vex combination of deterministic probability distribution
[21]. Deterministic probability distributions are
pdet(a, b|x, y) =
{
1 for a = ax and b = by,
0 otherwise
where ax and by ∀x, y define a deterministic probability
distribution. Hence, a classical probability distribution
is
pclassical(a, b|x, y) =
∑
λ
qλpdet(a, b|x, y, λ) (C1)
with qλ ≥ 0 and
∑
λ qλ = 1. For a classical probability
distribution to verify the paradox it is needed that all
deterministic probability distribution verify
P (11|00) = 0, (C2)
P (00|01) = 0, (C3)
P (11|10) = 0, (C4)
P (01|11) = 0. (C5)
Then, either there is at least one deterministic prob-
ability distribution such that P (01|00) + P (01|10) > 0
or P (01|00) > 0 or P (01|10) > 0. None of these cases
is actually possible. This can be verified directly on the
graph. In Fig. 4 is showed the conditions of the CHSH
paradox. The red rectangle defines a set where a deter-
ministic probability distribution has to assign an event
with probability equal to one inside, this correspond to
the conditions in eqs. (C2) to (C5). While doing this, to
verify the CHSH paradox at least one of the hyper-graph
defined by the blue squares needs to have a probability
equal to one assigned. From the graph this can be easily
seen by trying to assign a probability equal to one to any
of the hyper-graphs defined by the blue squares. It is
impossible to have a probability equal to one assigned to
each hyper-graph defined by the red rectangles.
Appendix D: CHSH Paradox with a Two-qubit State
and Local Measurements
We now address the verification of the CHSH paradox
introduced in eqs. (13) to (17) with a quantum resource
composed by a two-qubit state and local measurements.
FIG. 4. Exclusivity graph of the CHSH inequality in the
form given in [6]. The conditions of the CHSH paradox are
represented by hyper-graphs defined by red rectangles and
blue squares in the figure.
Theorem 7. Given two parties, Alice and Bob, sharing a
two-qubit entangled state |ψ〉AB. There exist no possible
set of local measurements A1 and A2 (resp. B1 and B2)
for Alice’s dichotomic measurements on her qubit (resp.
Bob) that verify the CHSH paradox.
Proof. We show that in order to verify some of the condi-
tions in the CHSH paradox imposes either to have a non-
entangled state or compatible local measurements on one
party side. Both are known to be required resource for
non-locality. Hence if some of the conditions of the para-
dox imposes this, there would be no verification of the
paradox. Let’s consider the following generic two-qubit
state:
|ψ〉 = a|00〉+ eiφbb|01〉+ eiφcc|10〉+ eiφdd|11〉, (D1)
where |a|2+|b|2+|c|2+|d|2 = 1 and φb, φc, φd ∈ [0, 2pi].
One can show that the paradox cannot be verified from
the two following conditions from eqs. (14) and (16)
P (11|00) = 0, (D2)
P (11|10) = 0. (D3)
In the CHSH scenario the two parties (Alice and Bob)
have two dichotomic measurements denoted A0 and A1
for Alice and B0 and B1 for Bob. In particular, for a
two-qubit state, each outcome of a measurement can be
associated to a rank one projector. Without loss of gen-
erality, we can use the following eigenvectors:
|vA0〉 = |0〉, (D4)
|vA1〉 = cos(θA1
2
)|0〉+ eiφA1 sin(θA1
2
)|1〉, (D5)
|vB0〉 = |0〉, (D6)
|vB1〉 = cos(θB1
2
)|0〉+ eiφB1 sin(θB1
2
)|1〉. (D7)
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Then, the equation P (11|00) = 0 imposes
|〈ψ|11〉|2 = 0, (D8)
in other words, d = 0. Hence the state is
|ψ〉 = a|00〉+ eiφbb|01〉+ eiφcc|10〉, (D9)
where |a|2 + |b|2 + |c|2 = 1 and φb, φc ∈ [0, 2pi].
Then, the equation P (11|10) = 0 imposes
|〈ψ|(sin(θA1
2
)|01〉+ eiφA1 cos(θA1
2
)|11〉)〉|2 = 0, (D10)
sin(
θA1
2
)2|〈ψ|01〉|2 = 0. (D11)
To satisfy this condition, there are two possibilities.
If θA1 = 0 it implies |vA0〉 = |vA1〉 which would not
bring any non-local features in the measurements statis-
tics. If |〈ψ|01〉|2 = 0 it implies b = 0, hence the state
would be non entangled. In both cases we can see that
we cannot construct necessary conditions to observe non-
locality.
Appendix E: New Contextual Inequality
We review the graph theory approach of quantum cor-
relations developed in [5]. We define a graph G(V,E), for
which we associate to each vertex i ∈ V an atomic event,
(a|x), of a particular dichotomic measurement where the
outcome a = 0 or a = 1 and the measurement is de-
noted by x. The edges represent the exclusivity and the
compatibility of the measurements. Measurements are
compatible if it is possible to perform them simultane-
ously. dichotomic measurements are exclusives if they
cannot both have an outcome 1, i.e., it is not possible
that exclusive measurements have the outcome 1 simul-
taneously.
Thus for all pairs of adjacent vertices, (i, j) ∈ E, the
probability to have the measurement outcome 1 assigned
to both vertices is:
P (1, 1|i, j) = 0, (E1)
where p(a, b|c, d) represents the probability of getting re-
sults a, b given measurement settings c, d.
We now consider how different classes of physical the-
ories can assign outcomes on a given graph.
1. Classical Theory
In a non-contextual deterministic behavior, each di-
chotomic measurement leads to a predefined outcome 0
or 1 independently to the measurement’s context. In
this way each vertex i ∈ V of the graph G(V,E) has
an assigned measurement outcome. Hence the probabil-
ity that a particular event occurs will be equal to 0 or
1. As explained before, because the edges of the graph
represent the exclusivity of the measurements, two ad-
jacent vertices on the graph cannot simultaneously have
the outcome 1 assigned.
2. Quantum Theory
In quantum physics, the dichotomic measurements we
use are represented by rank one projectors {Πi = |vi〉〈vi|}
with the normalized eigenvectors |vi〉, where outcome 1
is associated to projector Πi and outcome 0 is associated
to I− Pi. This is equivalent to associating a unit vector
|vi〉 to the vertex i. In this framework, the exclusivity
and compatibility relations between two measurements
correspond to an orthogonality relation between the two
unit vectors of the adjacent vertices. In graph theory,
this corresponds to the orthonormal representation of a
G¯ of the graph.
3. Contextuality Inequality
The graph that we defined previously can be used to
derive non-contextuality inequalities as follows.
For classically assigned outcome, we then arrive at the
following inequality∑
i∈V
P (1|i) ≤ α(G), (E2)
where α(G) is the independence number of the graph
G (i.e., the maximum number of vertices that are not
connected to each other).
It is sufficient to consider classical behavior to be re-
stricted to the deterministic behaviors. Any classical be-
havior is obtained by a convex combination of determin-
istic behaviors. As a consequence, the maximum value
possible in eq. (E2) is obtained by a deterministic behav-
ior. Hence, we have P (1|i) = 0 or 1. To obtain the value
of α(G), we can consider a coloring problem where the
assigned 0/1-probability values correspond to the two dif-
ferent colors. This can be seen as the maximum number
of events with an outcome equals to 1 simultaneously.
The maximum value of
∑
i∈V P (1|i) for a quantum re-
source is given by
∑
i∈V max|〈vi|ψ〉|2. This corresponds
to a well studied quantity in graph theory and is called
Lovasz number or theta Lovasz where the eigenvectors
with eigenvalue 1 of the rank one projectors correspond
to the so called orthonormal representation of the com-
plement G¯ of the graph G. It is also possible to derive the
Lovasz number using Semi-Definite-Programming (SDP)
[36].
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β =
∑
i∈V
P (1|i) ≤ α(G) ≤ ϑ(G) =
∑
i∈V
max|〈vi|ψ〉|2.
(E3)
4. CHSH Contextuality Inequality
We can use the exclusivity graph of the CHSH inequal-
ity to build a contextuality inequality for a different sce-
nario. Instead of assigning events of two outcomes of two
compatible measurements to the vertices of the graph we
assign atomic events. Hence, the number of measure-
ments is now equal to 8 and we call {Ai} the set of ob-
servables with ±1 outcomes assigned to the vertices {i}.
The graph with the new labels is represented in Fig. 5.
FIG. 5. Relabeling of the vertices of the CHSH graph.
We present our inequality in the following theorem:
Theorem 8. Given the exclusivity graph of the CHSH
inequality, GCHSH(VCHSH, ECHSH) and a set of di-
chotomic measurements {Ai} with ±1 outcomes values
assigned to the vertices {i}, such that ∀(i, j) ∈ E Ai and
Aj are commuting. Any Non-Contextual Hidden Variable
(NCHV) theory is bounded by the following inequality:∑
(i,j)∈ECHSH
〈AiAj〉 ≥
NCHV
−6, (E4)
Proof. The theorem can be shown by expressing the
NCHV bound by the graph properties. In this precise
case, it is the same bound as in the CHSH inequality (as
a consequence of using the same exclusivity graph). To
this end we first express the expectation value in terms
of the probabilities as following (for consistency with the
rest of the letter we denote by "0" the outcome "1" and
by "1" the outcome "-1")
〈AiAj〉 = p(0, 0|i, j) + p(1, 1|i, j)− p(0, 1|i, j)− p(1, 0|i, j),
(E5)
〈AiAj〉 = 1− 2[p(0, 1|i, j) + p(1, 0|i, j)], (E6)
using the marginalization p(1|j) = p(0, 1|i, j)+p(1, 1|i, j)
and the exclusivity principle p(1, 1|i, j) = 0
〈AiAj〉 = 1− 2[p(1|j) + p(1|i)], (E7)
By summing over the all the compatible measurements
we have ∑
(i,j)∈ECHSH
〈AiAj〉 = 12− 6
∑
i∈VCHSH
p(1|i). (E8)
From [5], we have
∑
i∈VCHSH p(1|i) ≤ α(GCHSH) = 3.
Hence ∑
(i,j)∈ECHSH
〈AiAj〉 ≥ 12− 6 α(GCHSH), (E9)
∑
(i,j)∈ECHSH
〈AiAj〉 ≥ −6. (E10)
In this scenario (see Fig. 5) the CHSH Paradox takes
the following form
P (1|1) + P (1|8) > 0, (E11)
P (1|2) + P (1|3) = 1, (E12)
P (1|4) + P (1|5) = 1, (E13)
P (1|6) + P (1|7) = 1. (E14)
We finally can link the verification of the paradox and
the violation of the inequality as follows
Corollary 1. The verification of the CHSH Paradox in
the form of eq. (E11) implies the violation the following
inequality: ∑
(i,j)∈ECHSH
〈AiAj〉 ≥
NCHV
−6. (E15)
Proof. The inequality can be rewritten as∑
i∈VCHSH p(1|i) ≤ α(GCHSH) = 3. If the paradox
in eq. (E11) is verified, the three last equations tells us
that we have
∑
i∈VCHSH p(1|i) = 3 + P (1|1) + P (1|8).
Finally, because of the first equation one can con-
clude that the verification of the paradox implies∑
i∈VCHSH p(1|i) > 3.
